
Sisteme de Coordonate

Clear@"Global`∗"D

 Mathematica ofera posibilitatea tratarii simbolice a analizei vectoriale

Needs@"VectorAnalysis`"D

 Tipuri de coordonate:
                    Mathematica va ofera posibilitatea sa constatati ce contine acest pachet    

? Calculus`VectorAnalysis`∗

Sa vizualizam tipurile de coordonate apelabile prin acest pachet

CoordinateSystem da numele tipului de coordonate implicit

? Coordinates

Coordinates@ D gives a list of the default coordinate variables in the
default coordinate system. Coordinates@coordsysD gives a list of
the default coordinate variables in the coordinate system coordsys.

Ne punem acum problema alegerii sistemului de coordonate si determinarea limitelor acestora:

CoordinateSystem
Coordinates@D

Cartesian

8Xx, Yy, Zz<

SetCoordinates@Cartesian@x, y, zDD;
CoordinateRanges@CartesianD

8−∞ < x < ∞, −∞ < y < ∞, −∞ < z < ∞<



SetCoordinates@Spherical@ρ, θ, φDD;
CoordinateRanges@SphericalD

80 ≤ ρ < ∞, 0 ≤ θ ≤ π, −π < φ ≤ π<

SetCoordinates@Cylindrical@r, θ, zDD;
CoordinateRanges@CylindricalD

80 ≤ r < ∞, −π < θ ≤ π, −∞ < z < ∞<

CoordinatesToCartesian da relatiile de trecere de la un sistem cartezian de coordonate la cele curbilinii 
ortogonale. 

SetCoordinates@Spherical@ρ, θ, φDD;
CoordinatesToCartesian@8ρ, θ, φ<D

8ρ Cos@φD Sin@θD, ρ Sin@θD Sin@φD, ρ Cos@θD<

SetCoordinates@Cylindrical@r, θ, zDD;
CoordinatesToCartesian@8r, θ, z<D

8r Cos@θD, r Sin@θD, z<

CoordinatesFromCartesian da relatiile de transformare ale coordonatelor curbilinii in functie de coordo-
natele carteziene    

CoordinatesToCartesian@8ρ, θ, φ<, SphericalD

8ρ Cos@φD Sin@θD, ρ Sin@θD Sin@φD, ρ Cos@θD<

CoordinatesFromCartesian@8x, y, z<, SphericalD

: x2 + y2 + z2 , ArcCosB z

x2 + y2 + z2

F, ArcTan@x, yD>
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CoordinatesToCartesian@8r, θ, z<, CylindricalD

8r Cos@θD, r Sin@θD, z<

CoordinatesFromCartesian@8x, y, z<, CylindricalD

: x2 + y2 , ArcTan@x, yD, z>

Exemplu:

Sa exprimam funxtia f(x,y,z)=x^2+y^2+z^2 in coordonate curbilinii ortogonale (r,q,f)  si (r,q,z).

Clear@ρ, θ, φ, r, fD;

f@x_, y_, z_D := x^2 ∗ y^2 ∗ z^2

CoordinatesToCartesian@8ρ, ϕ, θ<, SphericalD

8ρ Cos@θD Sin@ϕD, ρ Sin@θD Sin@ϕD, ρ Cos@ϕD<

f@x, y, zD ê. 8x → %@@1DD, y → %@@2DD, z → %@@3DD< êê Simplify

ρ6 Cos@θD2 Cos@ϕD2 Sin@θD2 Sin@ϕD4

CoordinatesToCartesian@8r, θ, z<, CylindricalD

8r Cos@θD, r Sin@θD, z<

f@x, y, zD ê. 8x → %@@1DD, y → %@@2DD, z → %@@3DD< êê Simplify

r4 z2 Cos@θD2 Sin@θD2
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 Operatii vectoriale:
      Produsul scalar al vectorilor

SetCoordinates@Cartesian@x, y, zDD;
vec1 = 8a1, b1, c1<
vec2 = 8a2, b2, c2<
vec3 = 8a3, b3, c3<
DotProduct@vec1, vec2D
vec1.vec2

8a1, b1, c1<

8a2, b2, c2<

8a3, b3, c3<

a1 a2 + b1 b2 + c1 c2

a1 a2 + b1 b2 + c1 c2

      Produsul  vectorial

CrossProduct@vec1, vec2D

8−b2 c1 + b1 c2, a2 c1 − a1 c2, −a2 b1 + a1 b2<

      Triplu produs csalar

ScalarTripleProduct@vec1, vec2, vec3D

−a3 b2 c1 + a2 b3 c1 + a3 b1 c2 − a1 b3 c2 − a2 b1 c3 + a1 b2 c3
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 Operatorii Grad si Laplacian in coord. curbilinii:

Clear@fD;

Grad@f@x, y, zD, CartesianD

9fH1,0,0L@x, y, zD, fH0,1,0L@x, y, zD, fH0,0,1L@x, y, zD=

Grad@f@ρ, θ, φD, SphericalD

:fH1,0,0L@ρ, θ, φD,
fH0,1,0L@ρ, θ, φD

ρ
,

Csc@θD fH0,0,1L@ρ, θ, φD
ρ

>

Grad@f@r, θ, φD, CylindricalD

:fH1,0,0L@r, θ, φD,
fH0,1,0L@r, θ, φD

r
, 0>

Laplacian@f@x, y, zD, CartesianD

fH0,0,2L@x, y, zD + fH0,2,0L@x, y, zD + fH2,0,0L@x, y, zD

Laplacian@f@ρ, θ, φD, SphericalD

1

ρ2
 

ICsc@θD ICsc@θD fH0,0,2L@ρ, θ, φD + Cos@θD fH0,1,0L@ρ, θ, φD + Sin@θD fH0,2,0L@ρ,

θ, φD + 2 ρ Sin@θD fH1,0,0L@ρ, θ, φD + ρ2 Sin@θD fH2,0,0L@ρ, θ, φDMM
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Laplacian@f@r, θ, zD, CylindricalD

1

r
 r fH0,0,2L@r, θ, zD +

fH0,2,0L@r, θ, zD
r

+ fH1,0,0L@r, θ, zD + r fH2,0,0L@r, θ, zD

Exemplu:

Sa determinam Grad si laplacianul din f(x,y,z)=x^2+y^2+z^2 in coordonate curbilinii ortogonale (r,q,f)  si 
(r,q,z).

Clear@ρ, θ, φ, r, fD;

f@x_, y_, z_D := x^2 + y^2 + z^2

Grad@f@x, y, zD, CartesianD

82 x, 2 y, 2 z<

Laplacian@f@x, y, zD, CartesianD

6

CoordinatesToCartesian@8ρ, ϕ, θ<, SphericalD

8ρ Cos@θD Sin@ϕD, ρ Sin@θD Sin@ϕD, ρ Cos@ϕD<

g@ρ, θ, φD =

f@x, y, zD ê. 8x → %@@1DD, y → %@@2DD, z → %@@3DD< êê Simplify

ρ2

Grad@g@ρ, θ, φD, SphericalD

82 ρ, 0, 0<
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Laplacian@g@ρ, θ, φD, SphericalD

6

CoordinatesToCartesian@8r, θ, z<, CylindricalD

8r Cos@θD, r Sin@θD, z<

h@r, θ, zD =

f@x, y, zD ê. 8x → %@@1DD, y → %@@2DD, z → %@@3DD< êê Simplify

r2 + z2

Grad@h@r, θ, zD, CylindricalD

82 r, 0, 2 z<

Laplacian@h@r, θ, zD, CylindricalD

6

 Operatorii Divsi Rot(Curl) in coord. curbilinii:
Div fiind un scalar si reprezentand un flux, va trebui sa explicitam componentele vectorului sursa:

Div@8x^2, y^2, z^2<, CartesianD

2 x + 2 y + 2 z
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DivB:ρ^2 ∗ Sin@2 ∗ θD, φ^3 ∗ Cos@θ^2D, ρ ∗ φ^2 >, SphericalF

1

ρ2
 Csc@θD

ρ2 φ

φ2

+ ρ φ3 Cos@θD CosAθ2E + 4 ρ3 Sin@θD Sin@2 θD − 2 θ ρ φ3 Sin@θD SinAθ2E

DivB:r^2 ∗ Sin@2 ∗ θD, z^3 ∗ Cos@θ^2D, r ∗ z^2 >, CylindricalF

r2 z

z2
+ 3 r2 Sin@2 θD − 2 z3 θ SinAθ2E

r

Apelarea Rotaionalului implica precizarea componentelor expresiei vectoriale

Curl@8x, y, z<, CartesianD

80, 0, 0<

Curl@8ρ ∗ Sin@θD, Cos@θD ∗ φ, φ^2<, SphericalD

:
I−ρ Cos@θD + ρ φ2 Cos@θDM Csc@θD

ρ2
, −

φ2

ρ
,

−ρ Cos@θD + φ Cos@θD
ρ

>

Curl@8r ∗ Sin@θD, Cos@θD ∗ z, z^2 + 1<, CylindricalD

:−Cos@θD, 0,
−r Cos@θD + z Cos@θD

r
>

Rot si Div in alte sisteme de coordonate
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SetCoordinates@Spherical@ρ, φ, θDD

Spherical@ρ, φ, θD

Curl@CoordinatesFromCartesian@F@8x, y, z<DDD

:1

ρ
 HArcTan@P@x, y, zD, Q@x, y, zDD Cot@φDL,

−
ArcTan@P@x, y, zD, Q@x, y, zDD

ρ
,

1

ρ
 ArcCosAR@x, y, zD ë I,IP@x, y, zD2 + Q@x, y, zD2 + R@x, y, zD2MME>

Div@CoordinatesFromCartesian@F@8x, y, z<DDD

1

ρ2
 

ICsc@φD Iρ ArcCosAR@x, y, zD ë I,IP@x, y, zD2 + Q@x, y, zD2 + R@x, y, zD2MME
Cos@φD + 2 ρ ,IP@x, y, zD2 + Q@x, y, zD2 + R@x, y, zD2M Sin@φDMM

Exemplu:

Sa calculam ∇.Jf HrL r
→Nin coordonate carteziene.

Div@f@r1D ∗ 8x, y, z<D

3 fB x2 + y2 + z2 F +
x2 f B x2 + y2 + z2 F

x2 + y2 + z2

+

y2 f B x2 + y2 + z2 F

x2 + y2 + z2

+
z2 f B x2 + y2 + z2 F

x2 + y2 + z2
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Clear@rD;
SetCoordinates@Cartesian@x, y, zDD;
r1 := Sqrt@x^2 + y^2 + z^2D

Div@f@r1D 8x, y, z<D êê FullSimplify

3 fB x2 + y2 + z2 F + x2 + y2 + z2 f B x2 + y2 + z2 F

Sa precizam ca  r
→

 = r e
Ø

r  = r ( 1, 0,0).

Clear@rD
SetCoordinates@Spherical@r, θ, φDD;
Div@f@rD ∗ r 81, 0, 0<D

1

r2
 ICsc@θD I3 r2 f@rD Sin@θD + r3 Sin@θD f @rDMM

% êê FullSimplify

3 f@rD + r f @rD

Clear@rD
SetCoordinates@Cylindrical@r, θ, zDD;
Div@f@rD ∗ r 81, 0, 0<D

2 r f@rD + r2 f @rD
r

% êê FullSimplify

2 f@rD + r f @rD

Exemplu:

Sa calculam ∇ × Jf HrL x ∗ r
→ Nin coordonate carteziene.
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Curl@f@rD ∗ x ∗ 8x, y, z<, CartesianD

80, −z f@rD, y f@rD<

Clear@rD;
SetCoordinates@Cartesian@x, y, zDD;
r1 := Sqrt@x^2 + y^2 + z^2D

Curl@f@r1D ∗ x ∗ 8x, y, z<D êê FullSimplify

:0, −z fB x2 + y2 + z2 F, y fB x2 + y2 + z2 F>

 Exemplu general pentru operatorii
Grad, Laplacian, Div si Rot(Curl) in 

coord. curbilinii:

SetCoordinates@Cartesian@x, y, zDD;
Grad@x^2D
Laplacian@x^2D
Laplacian@f@x, y, zDD

82 x, 0, 0<

2

6
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SetCoordinates@Spherical@r, θ, φDD;
Grad@r^2D
Div@r 81, 0, 0<D
Curl@r 81, 0, 0<D
Curl@f@rD 81, 0, 0<D
Laplacian@f@r, ϑ, ϕDD êê FullSimplify

82 r, 0, 0<

3

80, 0, 0<

80, 0, 0<

6

SetCoordinates@Cylindrical@r, ϑ, zDD;
Grad@r^2D
Laplacian@f@r, ϑ, zDD êê Simplify

82 r, 0, 0<

6 +
2

r2
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SetCoordinates@Cartesian@x, y, zDD;
r := Sqrt@x^2 + y^2 + z^2D ;
Grad@1 ê rD
Div@Grad@1 ê rDD
Laplacian@1 ê rD

:−
x

Ix2 + y2 + z2M3ê2
, −

y

Ix2 + y2 + z2M3ê2
, −

z

Ix2 + y2 + z2M3ê2
>

3 x2

Ix2 + y2 + z2M5ê2
+

3 y2

Ix2 + y2 + z2M5ê2
+

3 z2

Ix2 + y2 + z2M5ê2
−

3

Ix2 + y2 + z2M3ê2

3 x2

Ix2 + y2 + z2M5ê2
+

3 y2

Ix2 + y2 + z2M5ê2
+

3 z2

Ix2 + y2 + z2M5ê2
−

3

Ix2 + y2 + z2M3ê2

 Cazul unidimensional:
      Exemplificare pentru operatorul D (coord. carteziene si sferice)

SetCoordinates@Cartesian@x, y, zDD;
Laplacian@f@xDD 0

f @xD == 0

DSolve@Laplacian@f@xDD == 0, f@xD, xD êê Flatten

8f@xD → C@1D + x C@2D<

SetCoordinates@Spherical@ρ, ϑ, φDD;
Laplacian@f@ρDD == 0 êê Simplify

2 f @ρD
ρ

+ f @ρD == 0
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DSolve@Laplacian@f@ρDD == 0, f@ρD, ρD êê Flatten

:f@ρD → −
C@1D

ρ
+ C@2D>

 Elemente utile pentru integrare:
Determinarea coeficientilor Lame

SetCoordinates@Spherical@ρ, θ, φDD;
ScaleFactors@D

81, ρ, ρ Sin@θD<

Stabilirea formei determinantului matricii transformarii de la sistemul implicit de coordonate in cel cartezian 
(Jacobianul transformarii)

JacobianDeterminant@D

ρ2 Sin@θD

Matricea transformarii

JacobianMatrix@D

88Cos@φD Sin@θD, ρ Cos@θD Cos@φD, −ρ Sin@θD Sin@φD<,
8Sin@θD Sin@φD, ρ Cos@θD Sin@φD, ρ Cos@φD Sin@θD<, 8Cos@θD, −ρ Sin@θD, 0<<

Un exemplu tipic de integrala tripla Ÿ0
1Ÿ0

pŸ0
2 p 1

r2
 r2 sinq „ r  „ q „ f

IntegrateAρ−2 ∗ JacobianDeterminant@D, 8ρ, 0, 1<, 8θ, 0, Pi<, 8φ, 0, 2 Pi<E

4 π

Clear@rD
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SetCoordinates@Cylindrical@r, θ, zDD;
ScaleFactors@D;
JacobianDeterminant@D

r

IntegrateAr−2 ∗ JacobianDeterminant@D, 8r, 0, R<, 8θ, 0, Pi<, 8z, 0, L<E

L π Log@RD

 Identitati operatoriale:
“×[“f(x,y,z)]=0

Clear@fD

Curl@Grad@f@x, y, zDDD

80, 0, 0<

“·[“×f(x,y,z)]=0

Clear@F, P, Q, RD

F@8x_, y_, z_<D := 8 P@x, y, zD, Q@x, y, zD, R@x, y, zD<

Div@Curl@F@8x, y, z<DDD

0

 Exercitii:
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 Raspunsuri:

exercitiul 1

Needs@"VectorAnalysis`"D
SetCoordinates@Cartesian@x, y, zDD;
f@x_, y_D := x2 + y2

Grad@f@x, yD, CartesianD

82 x, 2 y, 0<

exercitiul 2

2 exercitiul

SetCoordinates@Spherical@ρ, φ, θDD;
f@ρ_, θ_D := ρ2 Sin@θD
Grad@f@ρ, θD, Spherical D

82 ρ Sin@θD, 0, ρ Cos@θD Csc@φD<

exercitiul 3

SetCoordinates@Spherical@ρ, φ, θDD;
f@ρ_, φ_, θ_D := ρ2 − 2 ρ Sin@θD + φ2

Grad@f@ρ, φ, θD, Spherical D

:2 ρ − 2 Sin@θD,
2 φ

ρ
, −2 Cos@θD Csc@φD>

exercitiul 4
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SetCoordinates@Spherical@ρ, φ, θDD;

f@ρ_, φ_, θ_D := ρ2 CosAθ2E
Laplacian@f@ρ, φ, θD, Spherical D êê Simplify

CosAθ2E I6 − 4 θ2 Csc@φD2M − 2 Csc@φD2 SinAθ2E

exercitiul 5

SetCoordinates@Cartesian@x, y, zDD;
f@x_, y_, z_D := x3 − 2 y2 − z

Laplacian@f@x, y, zD, Cartesian D êê Simplify

−4 + 6 x

exercitiul 6

SetCoordinates@Cartesian@x, y, zDD;

DivA9x, y2, z=, CartesianE

2 + 2 y

exercitiul 7

SetCoordinates@Spherical@ρ, φ, θDD;
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DivA9ρ2 Θ, ρ2 Sin@θD − ρ2, ρ=, Spherical E êê Simplify

ρ H4 Θ + Cot@φD H−1 + Sin@θDLL

exercitiul 8

SetCoordinates@Cartesian@x, y, zDD;

Curl@8y, −x, x<, CartesianD

80, −1, −2<

exercitiul 9

SetCoordinates@Cartesian@x, y, zDD;
Curl@8Sin@xD, Cos@yD, x<, CartesianD

80, −1, 0<

exercitiul 10

SetCoordinates@Cartesian@x, y, zDD;

CurlB:
y2

x2 + y2
,

x

x2 + y2
, 0>, CartesianF êê Simplify

:0, 0,
y2 − x2 H1 + 2 yL

Ix2 + y2M2
>

SetCoordinates@Spherical@ρ, φ, θDD;
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Curl@CoordinatesFromCartesian@8x, y, z<DD

:ArcTan@x, yD Cot@φD
ρ

, −
ArcTan@x, yD

ρ
,

ArcCosB z

x2+y2+z2
F

ρ
>

SetCoordinates@Cartesian@x, y, zDD;

CurlB:
y2

x2 + y2
,

x

x2 + y2
, 0>, CartesianF êê Simplify

:0, 0,
y2 − x2 H1 + 2 yL

Ix2 + y2M2
>

SetCoordinates@Cylindrical@r, θ, zDD;

Curl@CoordinatesFromCartesian@8x, y, z<DD

:0, 0,
ArcTan@x, yD

r
>
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